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Introduction 

In this paper we discuss some structure problems regarding the fohation of 
Levi flat manifolds, i.e. those CR manifolds which are foliated by complex 
leaves or, equivalently, whose Levi form vanishes. Levi flat manifolds have a 
particular signiflcance among CR manifolds, since - due to their degenerate 
nature - they often behave as "limit case", or they are an obstruction in 
extension problems of CR objects (see, for example, [3]). The geometry of 
Levi flat manifolds is a source of many interesting problems (see [2], [1]). 

Here, we address the following general question: assuming that a Levi 
flat submanifold S" C is bounded in some directions, what can be said 
about its foliation? We will show that, in some circumstances, it is possible 
to conclude that the foliation (or even, more generally, a complex leaf of a 
foliated manifold) is "trivial", i.e. is made up by complex planes. A flrst 
result in this direction is the following 

Theorem 0.1 Let S he a smooth Levi- flat hypersurface of C" = C"^""^ x 
C^, contained in C = {\w\ < 1} and closed in C. Then S is foliated by 
hyperplanes {w = const.}. 

In order to treat this problem it is useful to consider 5* as an analytic mul- 
tifunction. These objects, which were flrst introduced by Oka [4J, are set- 
valued functions C k(C) (where k(C) denote the subset of the power set 
V{C) formed by the compact subsets of C) which behave in some ways as 
analytic function; namely, according to Oka's deflnition, the complementary 
of their graph is pseudoconvex. However, we will flnd more convenient to 
adopt as a deflnition the characterization found by Slodkowski [7j by means 
of plurisubharmonic (psh) functions. 



We shall see that Theorem 10 . II becomes then a rather easy consequence of 
the results already obtained for analytic multifunctions, namely, the exten- 
sion of Liouville's theorem to such objects. Then, we generalize Theorem lO.il 
to higher codimension (see Theorem 11.31) by a slightly less trivial application 
of the Liouville Theorem. 

Later on, we will discuss other related problems which cannot be treated 
by means of analytic multifunctions. In section [21 we consider the case of a 
(complex leaf of a) foliation of the graph of a bounded function on C" x M. 
In this case, an analysis of each single complex leaf is required. Afterwards, 
in section [3] we consider a (real) foliation of D x C by complex leaves, and 
we show that under suitable (maybe too restrictive) geometric conditions on 
this foliation it is again possible to prove a triviality result. 
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1 Levi flat manifolds contained in a cylinder 

1.1 Analytic multifunctions and Liouville Theorem 

Consider a function / : C" — > 'P(C), i.e. a set- valued function from to the 
power set of C. Let r(/) C C"+^ be defined as 

r(/) = U ^ /(^)- 

We say that / is an analytic multifunction if each value f{z) is a compact 
set and C"""*"^ \ r(/) is pseudoconvex. With this definition, a holomorphic 
function / G (9(C") is clearly an analytic multifunction. 

Let p : C"'^^ ^ M be a continuous plurisubharmonic function. Let p' : 
C" M be defined as 

p'{z) = max p{w). 

wef(z) 

In [7] the following is proved : 

Lemma 1.1 For any analytic multifunction f and continuous psh function 
p, p' is a plurisubharmonic function. 
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From now on, by analytic multifunction we mean a multifunction for which 
the conclusion of Lemma Fl . 1 1 holds true. 

The following Liouville result (see also [5]) on analytic multifunction de- 
pends only on the property of Lemma 11.11 

Lemma 1.2 Let f be an analytic multifunction on C", and suppose that f 
is bounded in the following sense: 

r(/) C {|w| < M} C C"+^ 

for some M > 0. Let f be the multifunction defined as 

f{z) = K^), ze C" 

where K is the polynomial hull of K. Then f is constant. 

Proof. Let P{w) be a polynomial on C^^, and denote again by P the trivial 
extension of P to C"^^ P{z,w) = P{z). Then \P\ is a plurisubharmonic 
function on C""^^, therefore by Lemma Fl. II 

P'{z) = max{|PH| : w G f{z)} 

is psh on C". But, defining 

C = max P(w) 

\w\<M 

we have that P'{z) < C for all z G C". Then, by Liouville's Theorem for 
psh functions it follows that P' is constant. We deduce that / is constant. 
Indeed, in the opposite case we could find Wi G C and zi,Z2 G C" such that 
Wi G (/(^i) \ f(yZ2)), i.e. there would exist a polynomial Pi such that 

|Pi(wi)| > max |Pi|, 

/(^2) 

hence 

P[iz2) < |PlK)| <Pi'(^2) 

which is a contradiction. □ 



Example 1.1 The hypothesis of Lemma FT72I does not imply that / is in turn 
a constant multifunction. A simple example is the following: 



{\w\ = l}, z^O- 
{\w\ < 1}, z = 0. 
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Example 1.2 A modification of tlie previous example shows that, even if 
r(/) is a (disconnected) manifold, / need not be constant if we adopt the 
second definition of analytic multifunction (i.e. the property discussed in 
Lemma ll.ll) . Indeed, define f{z) to be the union of the unit circle bD and 
any compact set contained in the unit disc D; then, since any subharmonic 
function can "detect" the behavior of / only in bD, f satisfies the statement 
of Lemma 11.11 but the complement is not pseudoconvex. As we show below, 
nevertheless, the result holds if r(/) has the structure of a (even discon- 
nected) Levi fiat manifold (which is obviously not the case in the previous 
example) . 

Lemma [T72] provides a useful tool which allows to prove Theorem 10.11 quite 
easily. In fact, setting 

fsic) = Sn{z = C} 

for G C"" we have that fs is by definition an analytic multifunction. 
Proof of Theorem 10.11 By hypothesis the multifunction fs is bounded, 
therefore in view of Liouville's Theorem fs is constant. We have to show that 
the multifunction fs is constant, too. In order to do this, choose zq G C" 
in such a way that the complex line L^^ = {z = zq} C C"^^ intersects 5* 
transversally. This means that f{zo) is a smooth compact real 1-submanifold 
of C, i.e. a finite set {Aj(2;o)}i<i<fc(zo) simple C°° loops contained in D = 
{\w\ < 1}. Let Ui{zo) be the bounded connected component of C \ Xi{zo), 
and let {aj(-2o)}i<j</i(zo) be the "maximal" loops, i.e. those Aj's which are 
not contained in any Uj. For every z G C" such that fl S* is transversal, 
adopting the same notations as above we define 

Miz)= [j a,{z). 

l<i<h{z) 

Let / C C" be the set of z G C" for which 

• Lz has transversal intersection with IJ(^-^(C); 
. Miz)=M{zo). 

It suffices to show that / is both open and closed. Indeed, in this case 
f's{z) = fs{z) \ J^{z) is an analytic multifunction, thus we can prove the 
statement of 10 . 1 1 inductively, where the induction is performed on the number 
of loops of fi^Zo). 

I is open. Let zi G /; clearly there exists a neighborhood Vt of Zi such that 
h{z) = h{zi) = hioT z E Q and A^n = [jz^Q-M{z) is a submanifold of QxCw 
for which Lz fl A^o is transversal. Moreover, observe that if {Vi{z)}i<i<h are 
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the connected components of C \ ai{z), then f{z) = [JiVi{z). This imphes 
immediately that Ai{z) is constant on Q. 

I is closed . Let Mi = [Jzei^^ l^t Z2 E 1. Then, MiOL;,^ = M{zo); 
moreover, since S" is a smooth manifold, we have 

T^.,,^'){S)D{iz,w)eC"+':w = w'} 

for every w' G /{zq). But, since we clearly have fl = -^(^2), this 
implies that L^,^ fl is transversal, i.e. Z2 E I. □ 

1.2 Higher codimension 

The analogous of Theorem lU.ll for Levi fiat surfaces S of higher codimension 
can also be proved by following the same methods. However, in this case, 
analyticity of the multifunction fs defined by 5* is more involved, due to the 
fact that S is no longer pseudoconvex. Also the proof of the fact that fs 
is constant whenever fs is needs to be adapted using p| (see the proof of 
Theorem 11.31) . 

We consider a real {2d — l)-codimensional submanifold S C C"^'^ = 
C"" X C^, with coordinates ^i, . . . , wi, . . . , Wd- 

Theorem 1.3 Let S C C""^'^ he a (2d — 1 )-codimensional Levi fiat subman- 
ifold (i.e. foliated by complex leaves of dimension n), contained in 

d 

C = {{z, w) G C"+'^ : J2 < 1} 

i=l 

and closed in C . Then S is foliated by coordinate complex n-planes {wi = 

Ci,...,Wd = Cd}. 

Let / : C" ^ P(C"') be a function from C" to the subsets of C"', d > 2. 
We recall that, according to our definition, / is an analytic multifunction if 
f{z) is compact for each z G C" and, for every continuous plurisubharmonic 
function p : C"+'^ M, the function p' : C -> M defined as 

p'(z) = maxpfz, w) 

is plurisubharmonic (see Lemma fl.ip . 

Let Lz, z G C", be the vertical complex d-plane over z i.e. 

L, = {(C,^)gC"+'^:C = ^}. 

Consider the set- valued function fs defined by fs{z) = H S (generically, 
fs{z) is the union of a finite number of loops). We want to show that fs is 
an analytic multifunction. 
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Lemma 1.4 fs is an analytic multifunction. 

Proof. Let p : C""^'^ — M be a psh function, and define p' as above. Let 
^0 £ C", and let C C C" be a complex line passing through Zq. For a generic 
choice of C, the intersection of S with the complex {d + l)-plane 

{{z,w) e C"+^ -.zeC} 

is transversal, and thus a Levi flat submanifold of C^^^. Therefore, since it 
is sufficient to show that the restriction of p' to a generic £ is subharmonic, 
we can suppose n = 1. 

Assume, then, that fs is a 'P(C'^)-valued multifunction defined over Cz, 
and fix zq E C If w G f{zo), we denote by the leaf of the foliation of S 
through w. Two cases are possible: 



In the former, for a sufficiently small neighborhood V"^ = (A x U)w of {zq, w) 
we have that fl can be written 

n = {{z, w)eAxU:wi = ...,Wd = g^{z)} 

for some holomorphic function gf G 0{A). Moreover, observe that for w' G 
/(^o) in a small enough neighborhood of w, we can choose a A which 
does not depend on w'. 

In the latter, consider the restriction of the projection n : C"'"'"^ — » C to a 
small neighborhood of (2:05'"^) in We can suppose that Vw is a local 
chart such that {zq,w) = 0. Denote by ( the complex coordinate on V^. 
Since 7r|v^ is a holomorphic function and its prime derivative vanishes at 0, 
there exists k > 1 such that 

Qk Qk+l 

Otherwise, we would have tc\\;^ = zq and thus would be a complex line 
contained in C^, which is impossible since it must be contained in the cylin- 
der C of Theorem II. 3[ It follows that 7r|v„ is a /c-sheeted covering over 
some neighborhood A of Zq. Now, the restriction of vr to the leaves S^/ 
passing through the points {zq,w') of a small neighborhood of {zo,w) can 
be interpreted as a smooth one-parameter family of holomorphic functions 
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• Vfc ^ C^, such that ttq = vr. For \t\ << 1, the argument principle 
imphes that the sum of the orders of the zeroes of [d/dQiit is still k — 1. 
This in turn means that for w' sufficiently close to w the projection ttIt.^, is 
still a /c-sheeted covering over some neighborhood A^/; in a sufficiently small 
neighborhood Ww we can assume to have chosen a A independent from w'. 

Since f{zo) is a compact set, we can choose finitely many open sets as 
above, Wwi, • • • , VV^^, in such a way that 

h 

i=l 

Choose a disc A C A^-^ fl . . . fl A^^ . We claim that p' is plurisubharmonic 
on A. In order to prove this, choose w G f{zQ): 

• if w G with Wj of the first kind, then we define 

pi = P|E„n7r-l(A); 



if w G yVujj with Wj of the second kind, we define 
pi = ( max p{z,w))\a. 

S„n7r-l(A„^.) 



In both cases, pi, is a psh function. Observe that it may occur 7^ p{, when 
i ^ j- Nevertheless, consider 

^(^) = ,^.^¥^ax pI; (1) 

we have to show that g{z) = p'{z). A priori, the maximum in equation ([T]) 
may be performed, for z ^ zq, on a proper subset of f{z), due to the possible 
existence of leaves of 5* which accumulate to f{zQ) without intersecting it. 
However, this does not happen. This is a consequence of the fact that 

U n n-\A) = s n 7i-\A) 

as proved in Lemma [T3] below. It follows that g{z) = p\z). Since we already 
know that p'{z) is continuous, ([T]) implies p'{z) is plurisubharmonic. □ 



Lemma 1.5 Let 2:0 G C^, and let H he a leaf of the foliation of S such that 
Zq G 7r(S). Then Zq G 7r(S). 
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Proof. Observe that, since S C C, and consequently the ty-coordinates are 
bounded on S, there exists w G /(-Zq) such that {zq, w) is a cluster point 
for S. Take a neighborhood U of {zq^w) such that the foliation is trivial on 
S nU. Then S fl W is a union of leaves of this trivial foliation. Let So be 
the leaf of S nU passing through {zo,w); then, either E contains Sq or it 
contains a sequence of leaves that converges to Eg. Suppose that the second 
case occurs. Arguing as in the previous Lemma, we show that Sq is not 
"vertical" i.e. it is not contained in C''. Then 7r(So) is a open set containing 
zq] but for S' close enough to Sq, 7r(S') is an open set containing zq. This 
proves the thesis. □ 

Lemma [1.41 allows to prove, exactly in the same way as before, that fs is 
a constant multifunction. We have to show, again, that this fact forces fs to 
be constant. 

Proof of Theorem 11.31 Observe that, for z belonging to a dense, open 
subset J of C", Lz intersects 5* transversally. For z E J, f{z) = L^H S is the 
disjoint union of a finite set {'yi{z)}i<i<k(z) of loops in C^. It is a well-known 
fact ([8]) that, in this case, the polynomial hull f{z) of f{z) is given by the 
union of some of the loops ji and some complex varieties whose boundaries 
are the others 7j's. We choose the minimal subsets of loops {ai{z)}i<i^h{z) 
such that, if M{z) = ai U . . .{Jah{z), then M{z) = f{z). Observe that M{z) 
is univocally defined. It is sufficient to prove that A4{z) is constant, because 
in such a case we can proceed inductively as in the proof of Theorem 10. 1[ In 
view of the structure of the hull fs{z), it is clear that A4{z) is constant for 
z E J. Moreover, arguing again as in 10.11 it is clear that 

M = [jM{z) 

z 

is a manifold with transversal intersection with also for z E J. It follows 
that Ai, and therefore fs, is constant. □ 



2 Foliation of a graph 

Consider, in C^, coordinates {z, w) with z = x+iy and w = u+iv. We denote 
by 71 the projection tt : ^ and by r the projection t : —>■ Cz x ^u- 
Let p:Cx]R^]Rbea smooth function such that 

S = {v = p{z,u)} 
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is a Levi flat graph. Then the leaves of the foliation associated to S are 
regular (immersed) complex manifolds of dimension 1. We claim that the 
following holds true: 

Theorem 2.1 Suppose that \p\ is bounded by some constant M; then S is 
foliated by complex lines, i.e. p has the form 

p{z,u) = g{u) 

for some smooth function g : M. ^ M.. 

Actually, we are going to prove a sharper result. If 5* is any foliated 3- 
submanifold, we say that a leaf S of 5* is properly embedded if, for (almost) 
every ball 5 C C^, the connected components of 5 fl S are compact, embed- 
ded submanifolds of B n S with boundary. We say that the foliation of S is 
proper if the leaves are properly embedded. 

Theorem 2.2 Let S = {v = p{z,u)} be a properly foliated hypersurface of 
C^, and suppose that p is bounded. Then every complex leaf of S is a complex 
line. 

Theorem 12.11 is a consequence of Theorem 12.21 the foliation of a Levi fiat 
graph being proper (see, for example, the main Theorem of [6]). A simple 
proof of 12.11 can be given using analytic multifunctions. 

Proof of Theorem 12.11 By hypothesis there exists a complex line {w = c} 
such that S lies outside the cylinder 

C = {{z,w) : \w — c\ < e}. 

Then, we can perform a rational change of coordinates (acting only on the 
ly-coordinate) such that the image S' of S is contained in x D^, where 
Dw is the unit disc. The complement of 

S' = S'U (C, X {0}) 

in C2 X is pseudoconvex. Indeed, a psh exhaustion function ip for S on 
induces a psh exhaustion function ip' for S' on x (D^ \ {0}); then 

ip = max{y9' 

is a psh exhaustion function for S on x D^. The rest of the proof can 
be carried out in the same way as in Theorem lU.il with some additional care 
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due to the fact that, if / is the multifunction representing S', in general f{z) 
is no longer a curve but only a one. □ 

It is clear that Theorem 12.21 cannot be treated by applying the methods of 
analytic mult if unctions. As already observed, its proof requires an accurate 
analysis of a single leaf. 

2.1 Preliminary results 

First of all, we show the following 

Lemma 2.3 Let S be any complex leaf of the foliation of S . Then the pro- 
jection ttIs is a local homeomorphism. 

Proof. Let p G S, p = {pz,Pw)] it suffices to show that the differential of 
7r|S is surjective in p. In the opposite case, there would exist neighborhoods 
U of p in and V of Pw in C^, and a holomorphic function f : V ^ C such 
that, denoting by S' the connected component of S fl ?7 which contains p, 
we would have 

^' = {z = f{w)} 

and §i{Pn,) = 0. In other words, d/dw G T^{^) and thus d/dv G Tp(S). 
This would imply 

I <=- US), 

which contradicts the fact that p is a smooth function on x ]R„. □ 



Lemma [231 shows that a complex leaf S of the foliation is locally a graph 
over Cz, but, since we do not know whether or not tt : S ^ is actually a 
covering, we cannot conclude immediately that vrj^^ is single- valued. How- 
ever, if this is the case, it is easy to deduce that the thesis of Theorem 12.11 
holds true for S, provided that the projection 7r|s is onto: 

Lemma 2.4 Let H he a complex leaf of S, and suppose that 



• 7r(S) = 



• for every £ Cz, tt ^[zq] r\T, is a single point. 



Then there exists c G C such that 



H = {w = c}. 
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Proof. Indeed, in this case the leaf S is biholomorphic to C as 7r|s is one to 
one; then, denoting by v the projection on the v-coordinate, v o (7r|s)~^ is a 
harmonic, bounded function on C^, which is constant by Liouville's Theorem. 
Therefore v\y, is also constant and so is which is conjugate to f in S. □ 

Remark 2.1 One may ask whether the latter hypothesis in Lemma [2.41 can 
be replaced by 

• 7r|s is a local homeomorphism. 

This is not the it is shown by the following example. 

Example 2.1 Consider the subset 

L = {(a;,y)eM':|y|<l}. 
It is simple to show that there exists a map : L — > C such that 

• is onto; 

• the differential of is always invertible; 

• extends as a continuous function L ^ C; 

• (j)^^{z) consists of finitely many point for every 2; G C. 

In order to be convinced of this fact, one may proceed as follows. A map of 
this kind can be identified with the smooth motion of an open segment on 
C along a curve parametrized by M^.. For instance, we can first cover a ball 
5 C C by this motion, and then let the segment proceed along a suitably 
chosen spiral to fill in the whole C. 

Then, denoting by J the standard complex structure on C, we can endow 
L with the complex structure (p*{J), thus obtaining a simply connected open 
Riemann surface Lq for which : Lc — > C is tautologically holomorphic. By 
Riemann's uniformization Theorem, we find a biholomorphism ip : Lc —>■ X 
where X is either C or the unit disc D G C We claim that the first case 
cannot occur. Indeed, consider the set 

Ae = LcnD{{0,l),E) 

where -D((0, l),^) is a disc with center (0, 1) G and radius e << 1. If e 
is small enough, is mapped by biholomorphically onto an open set of 
C. Moreover, consider iplA,,) C C C CP^, and observe that the boundary of 



11 



ip{A^) contains {00} and (for small e) ^ tp{Ai,). If is a fundamental 
system of neighborhoods of 

An{y = i} 

in A^, it is also clear that the sets ipiUn) approach 00 G CP^ as n ^ +00. 
Let g G (9(CP^ \ {0}) be such that g{oo) = and g ^ 0. Then, in view of the 
previous observations, the function / G 0{4>{As)) defined by / = go'ipo(f>~^ is 
continuous up to 4>{{y = 1}), and vanishes on this set. This is a contradiction 
(see also Lemma [2. 141) . 

It follows that X = D. Let i : D ^ C"^ he defined as 

i(z) = {(j)oip-^{z),z); 

then i is a holomorphic embedding of D in and we set E = i{D). Observe 
that TT : S ^ C is onto and a local homeomorphism; moreover, by construc- 
tion |f I < 1 on S. It is clear that, for topological reasons, S cannot be the 
leaf of any foliation of a graph in C^. 

In order to prove Theorem 12.11 our aim is to apply Lemma 12.41 and so, 
from now on, we shall focus on a single complex leaf S of the foliation of 5* 
and we will prove that its projection over is a biholomorphism. 

We set 

7r(S) = C C; 

Q is an open subset of C^. 

We suppose, by contradiction, that C C^, and let zq G bQ. The 
following result shows that zq must actually belong to Q at least in some 
special case, thus proving that b{Q) = in such a situation. 

Lemma 2.5 Let zq G Cz and suppose that there exist po such that Tr{po) = zq 
and Po is a cluster point for S. Then zq & 

Remark 2.2 Since we do not know, at this stage, whether or not E is a 
closed submanifold, it is a priori possible that po ^ S. Nevertheless, 7i~^{zQ)n 

Proof of Lemma 12.51 Let be a neighborhood of po on which the foliation 
of SdV is trivial. Then, either EflV^ has finitely many connected components 
- in this case one of them must contain po - or the connected components of 
S n y accumulate to the leaf S' of 5* fl V containing pq. Then S' must be a 
complex leaf, too. Thus, from Lemma [^751 it follows that, ifV'f^V {pq G V) 
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is small enough, all the leaves of SnV intersect (possibly in V) n ^{zq). By 
hypothesis 

y n s ^ 0, 

thus S contains a leaf of S* fl V, therefore 

7r-^(2o)nS^0. 

□ 

In section l273l applying the results of [6], we will prove that vrl^^ is single- 
valued. Then, given z E Q, we will denote by w{z) (respectively u{z),v{z)) 
the w-coordinates (resp. the u- and t>-coordinate) of 7i\^^{z). With these 
notations, we can state the following straightforward corollary of Lemma 

Corollary 2.6 Let zq G bQ, and let {Uk}k£N be a fundamental system of 
neighborhoods of zq in Cz ■ Then, for any M > there exists K E N such 
that \w{z)\ > M for all z eVtnUk with k> K. 

Proof. Otherwise, there would exist M > and a sequence {zn}n€N such 
that 

• Zn E ^ for every n G N; 

• Zn ^ Zq] 

• for every n G N there exists p„ G S such that 7r(p„) = z„ and |w(p„)| < 
M. 

Then {p„}neN would admit an accumulation point po in such that 7r(po) = 
Zq. By Lemma [2.51 this would imply zq E Q, a. contradiction. □ 

Since, by the main hypothesis, v{z) is bounded on fl, it follows immedi- 
ately 

Corollary 2.7 Let zq G bQ, and let {Uk}km be a fundamental system of 
neighborhoods of zq in C^. Then for any M > there exists Kq G N such 
that \u{z)\ > M for all z e ilCiUk with k > Kq. 

Remark 2.3 In any case, since flClUk needs not be connected even for large 
k, it is possible that u assumes both signs in every neighborhood of zq. Later 
on we are going to prove that it is not the case. 
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2.2 Unbounded harmonic functions on the disc 



Our strategy is now to reduce our situation to a problem on the disc. For 
this, we will need some results about holomorphic functions on D = {z E C : 
\z\ < 1}. 

The following one shows that a conjugate to a bounded harmonic function 
on D, although not necessarily bounded, cannot go to infinity on too "large" 
a subset of the boundary. 

Lemma 2.8 Let f G 0{D), u = Ref and v = Imf . Suppose that there 
exists a non- constant arc 7 in bD such that for every M > there exist a 
neighborhood Um of j in C such that 

u{z) > M \/z eUMnD. 

Then v is not bounded on D. 

Proof. Taking polar coordinates (r, 9) , we may assume that 

7 = {r = 1, -£ < e < £} 
for some £ > 0. Consider the family of arcs 

^t = {r = t,-e<e<e} 

and set (for t < 1) 

u{e)de 



It 



the hypothesis of the Lemma imphes that It — > +00 as i — > 1. Take t > 0; 
then, if we define (for t >t) Jt — It — Ij-, we have 



^drde = ! (I ^-^dr\de 



t<r<t,-e<e<e ^'^ J -e<B<e \J t<r<t ^'^ 

= / {u{t,e)-u{t,e))de = it-k=Jt 

J-£<e<e 

and Jt — > +00 as i — > 1. Thus, by the integral mean value Theorem, for all 
N > there exist t' >t such that 



^it',9)d0>N. 
or 



-e<0<e 

On the other hand, in view of Cauchy-Riemann equations we have Ur — —vg 
and consequently 

[ ^it',e)de^ [ -^{t',e)de^v(t',-s)-v(t',s), 

J-e<e<e or J-e<0<e 

whence v is unbounded. □ 
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Example 2.2 The previous result fails to be true if we drop any hypothesis 
which guarantees that u goes to infinity on a sufficiently large subset of the 
boundary of D. A simple example is the following. Consider the set 

L = {zeC:\y\<l} 
and choose a biholomorphism (p : L ^ D. Then 

u = xo(j)-^ : D 
is a harmonic function, conjugate to 

V = yo(j)-^ : D ^R; 

but u is not bounded while |f | < 1 on Z^. In this case, the upper and lower 
level sets of u approach (two) isolated points on bD, rather than segments of 
positive measure. 

2.3 Analysis of Q 

Our purpose now is to show that Q is simply connected, which will allow us to 
apply Riemann's mapping Theorem and then Lemma [2l8l In order to achieve 
this we apply some of the results of [H], in particular the in-depth analysis 
which is carried out therein on the leaves of the foliation of the Levi-fiat 
solution for graphs. First of all, we prove that 7r|^^ is actually single- valued 
over Q. 

Lemma 2.9 Let Q and S be as above. Then 7i\^^{z) consists of a point for 
every z E fl. 

Proof. Suppose that, for some z E Q, there exist p, g G S [p q) such that 
n{p) = 7r(g) = z. Since, by definition, S is connected, there exists an arc 7 
which joins p and q. Let 7 = vr o 7 be the corresponding loop in Q. Let B be 
a ball in x ]R„, centered at z, with a large enough radius such that 7 C -B 
and r o 7 c -B. Then 

SnT-\B) = T{p\B)cC^ 
is the Levi fiat surface which has the graph 

snr-\bB) = r{p\,B) 

as boundary. By the results in [6] , we conclude that each leaf of the foliation 
is properly embedded in 5* fl t~^{B) (observe that, under the hypothesis of 
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Theorem 12.2^ this fact is granted by our assumption) and, therefore, that 
r(S) is properly embedded in B. By the choice of B, t{p) and r(g) belong 
to the same connected component of t(S) H B; let S' be this component. 
Lemma [2.31 implies that E' is locally a graph over C^; since B is convex, by 
virtue of Lemma 3.2 in [6] we deduce that S' is globally a graph over some 
subdomain of fl. Since r(p) and T{q) have the same projection over Q, it 
follows t{p) = T{q) and consequently p = q, a. contradiction. □ 

By the previous Lemma S is represented by the graph of a holomorphic 
function over Q. Let us denote by u (respectively v) the real (respectively 
the imaginary) part of this function. The following Lemma is an immediate 
consequence of the results in [6j: 

Lemma 2.10 Q is simply connected. 

Proof. Observe that, if Q is not simply connected, then fl is not simply 
connected for some open disc D G Cz- Arguing as in the previous Lemma, 
we prove that t(S) is properly embedded on some subdomain 

D X {-R, i?) c X M„, i? >> 

(again, under the hypothesis of Theorem 12.21 this is a direct consequence of 
the assumption). But r(S) is the graph of u over D (IQ; since f is a single- 
valued harmonic conjugate of u, we can apply Lemma 3.3 of [6J to obtain 
that Z) n r2 is in fact simply connected. □ 

Because of the previous Lemma, we can consider a biholomorphic map 
9^ : — s> A, where D C C is the unit disc. Our aim is to apply Lemma [2.81 
and in order to do so we must examine the behavior of 91 near the boundary 
of fi. 

2.4 Proof of Theorem [272] 

Lemma 2.11 Let C be a connected component of the boundary ofQ. Then 
there exist a neighborhood U of C in Q such that either u > onU or u < 
on U. 

Proof. Let K he a. compact connected subset C; it is enough to prove that 
the thesis holds for any such K. Observe that, since f2 is connected, C\K 
has at most two connected components. By Corollary 12.71 for any z G K 
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there exist a disc D{z,e) such that |n| > on D{z,e) fl Q; thus K can be 
covered by a finite set {Di, . . . , D^} of such discs. If 6 is small enough, then 

W = {zeC: d{z, K) <6} C DiU ...UDk. 

The thesis then follows from the fact that there is a connected component 
of W n Q whose boundary contains K. Suppose that this is not the case, 
and choose a connected component V of W (1 Q such that E = bV (1 K ^ ^. 
Observe that bV = EU FUG, where 

F = bVn{zeC: d{z, K) =6} andG = bVnC\ K; 

obviously E n F = (/) and thus G has at least two connected component. 
Moreover, E is connected since otherwise C\K would have more than two 
connected components. But if E C. K is connected then it can touch at most 
one connected component of C\K and thus of G\ it follows E = K. □ 

Corollary 2.12 Let C he a connected component of bQ. Then there is a 
fundamental system {Vn}nm of neighborhoods of C in Q such that either 

inf u +00 

or 

sup u — > — oo 

Vn 

as n ^ oo. 

Proof. This is a consequence of Corollary 12.71 and Lemma [2. Ill □ 

Remark 2.4 In the previous statement, we can assume that V„ and 11 \ V„ 
are connected for every n. We can also assume that the sequence {V„}„gN is 
decreasing, with V„+i C Vn (where the closure is taken in Q). 

Now we fix our attention to the sequence {W„ = yi{Vn)}nen of domains of 
D. For each n & N, we define 

A, = W„ n bD 

where the closure of Wn is taken in C. 

Lemma 2.13 {A„}„gN is a non-increasing sequence of closed, connected 
subsets ofbD; moreover, A„ 7^ for every n G N. 
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Proof. We prove various points separately: 

• each A„ is closed by definition, and the sequence is non- increasing by 
Remark (231 

• A„ 7^ for, in the opposite case, we would have Wn ^ D, which 
implies that £H is not proper. This is a contradiction because 91 is a 
biholomorphism; 

• A„ is connected because otherwise we would have that 

D\Wn = 'n{n\ v„) 

is not connected, which would contradict the choice of Vn (see Remark 
12.41) . Indeed, suppose that A' and A" are two disjoint connected com- 
ponents of An, and choose a simple arc 7 C Wn joining a point of A' 
and a point of A". Then -D \ 7 has two connected components Di and 
D2, and we must have Dj n (D \ W„) 7^ for j = 1,2 since A' and A" 
are disconnected. This implies that D \ Wn is disconnected. 

□ 

From the previous Lemma it follows that, if we set 

then A is a closed, non-empty interval of bD. A priori, A could be reduced 
to a single point of bD. In order to apply Lemma [2.81 we must prove that 
this is not the case. 

Lemma 2.14 The interval A C bD is not reduced to a point. 

Proof. We argue by contradiction and assume that A = {zq} with zq G bD. 
Observe that, for every e > 0, there exists G N such that 

Wn C D{zo,e)nD\/n > N, 

where D{zq, e) is the disc centered at zq with radius e. Indeed, in the opposite 
case there would exist (cfr. Remark 12.41) p & D such that p G W„ for all n G 
N, and this is not possible since V„ is a fundamental system of neighborhoods 
of C. Now consider, on D, the holomorphic function f{z) = z — Zq, and let 
g G 0{Q) be defined hj g = f o^l. Then, by the choice of / and the previous 
observation, g extends to U C as a continuous function putting g = on 
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C. Choose a point w & C and consider a disc D' = D{w,e) such that D'\C 
is disconnected. Define a function 'g : D' ^ <Chy 



g{z), zeQnD'; 

0, zeD'Xn. 



Then g is continuous. Moreover, by definition g is holomorphic outside the 

o 

set {g = 0}; therefore, by Rado's Theorem, g G 0{D'). Since {g = 0)7^ 0, 
we have = on and consequently (7 = on fi, which is a contradiction. 
□ 



Now we are in position to prove Theorem 12.21 Lemma 12.141 allows us 
to apply Lemma 12.81 and deduce that u cannot be unbounded on Vt. By 
Corollary 12.71 we have that = Cj; and thus vr is onto. Lemma 12.91 implies 
that TT is one to one, therefore we can apply Lemma 12.41 and conclude that 
H = {w = c} for some c G C, whence the thesis of Theorem 12.11 □ 



2.5 The result in C" 

The statement of Theorem 12 . 1 1 can be generalized to the case when 5* is a Levi- 
fiat hypersurface of C". Consider holomorphic coordinates (21, ... , ^n-i, w) = 
{z,w), Zj = Xj + iyj, w = u + iv, and let p : C"""*^ x M — >• M be a smooth 
function such that S = {v = p{z,u)} is a Levi-fiat graph. Then we can 
restate almost verbatim Theorem 12.11 

Theorem 2.15 S is foliated by complex hyperplanes, i.e. p has the form 

p{z,u) = g{u) 
for some smooth function g : M. ^ M.. 

Proof. This is an easy consequence of Theorem 12. 1[ Indeed, let pi = {zi,u) 
and p2 = {z2,u) be two points in C"~^ x with the same u-coordinate, 
and consider the complex line L C C"~^ such that Zi, Z2 G L. Then the 
restriction of p to L x ]R„ has a Levi-fiat graph 

Sl = S n {L X Cy,) C L X ^ C\ 

Theorem 12.11 applies to Sl, showing that p\lxRu is a function of u and thus 
that p{pi) = p{p2)- This proves the thesis. □ 
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2.6 Generalization to a continuous graph 

The arguments of the previous sections work in the case that p is at least 
of class C^. However, it is possible to generalize the result to the case of a 
continuous graph. In order to achieve this, the Main Theorem of Shcherbina's 
paper [H] (which gives also a description of the leaves of the foliation of the 
polynomial hull of a graph in C^) can be applied, rather than Lemmas 3.2 
and 3.3. We say that a continuous hypersurface C C" (i.e. a subset which 
is locally a graph of a continuous function over an open subset of a real 
hyperplane of C") is Levi flat if it (locally) separates C" in two pseudoconvex 
domains. Note that, in the case n = 2, 5* is locally the union of a disjoint 
family of complex discs (see again |6|, Corollary 1.1). So, let p : C"^^ xM M 
be a continuous function such that S = {v = p(z,u)} is a Levi flat graph. 
Then, as before, we have 

Theorem 2.16 5* is foliated by complex hyperplanes, i.e. p has the form 

p{z,u) = g{u) 
for some continuous function g : —>■ M.. 

Once again it is sufficient to show that the statement is true for n = 2. In 
this case we do not know a priori whether S has a foliated atlas; nevertheless, 
since each p G 5* is contained in a germ of holomorphic curve Sp C (and 
this germ is unique in view of Lemma 4.1 of [6]) we can still consider the 
maximal connected surface S that passes through p. Our aim is to carry out 
an analysis of E similar to that delivered in the previous sections for the 
case. First of all, we want to generalize Lemma [2.31 

Lemma 2.17 Let S be any leaf of the foliation of S . Then the projection 
7r|s is a local homeomorphism. 

Proof. In this case the fact that d/dv G T(S) does not give a contradiction, 
since 5* is only a continuous graph. Instead, we rely on the Main Theorem of 
[0] Let p G S, p = (^1,^2)5 B a ball in x ]R„ containing the point (pi, Rep2) 
and consider p\hB- Then Shcherbina's Theorem applies to 7 = T{p\i,b), hence 
by the point (ii) of that statement it follows that the disc through p is a 
graph over a domain of C2. □ 

As before, we define = 7r(S) and we prove that 7r\^^ is single-valued 
and that Q is simply connected. 

Lemma 2.18 Let f2 and S be as above. Then 7r\j^^(z) consists of a point for 
every z E Q. 



20 



Proof. We follow the proof of Lemma 12.91 Suppose that, for some z & Q, 
there exist p,q E {p ^ q) such that 7r(j9) = 7r(g) = z. We choose an arc 7 
joining p and g, with 7 = vr o 7 the corresponding loop in Vt. Let 5 be a ball 
in X Mu, centered at z, with a large enough radius such that 'y G B and 
r o 7 c 5. Then 

^nr-i(5) = r(p|B)cc2 

is the Levi-flat surface which has the graph 

SnT-\bB)=T{p\bB) 

as boundary. Since, by Shcherbina's Main Theorem, Sr\T^^{B) is the disjoint 
union of discs which are graphs on Cz, we must have p = q, which is a 
contradiction. □ 

Lemma 2.19 Q is simply connected. 

Proof. As in the previous case, we assume by contradiction that Ddfl is not 
simply connected for some open disc D G Cz- We choose a ball i? C x ]R„ 
such that B n Cz = D. Then, by point (ii) of Shcherbina's Main Theorem, 
the leaves of 5 fl t^^{B) are graphs over simply connected domains of C^. It 
follows that 

Dnn = n{EnT-\B)) 

must be simply connected. □ 

Now we prove the analogous of Lemma 12.51 

Lemma 2.20 Let zq G Cz and suppose that there exist po such that 7r(po) = 
Zq and po is a cluster point for S. Then Zq E Q. 

Proof. In this case we can actually prove that po G S, i.e. S is a closed 
surface. Heed, consider a ball i? C x ]R„ which is centered at t{pq). Then 
Sb = S n T~^{B) = T{p\b) is a union of disjoint complex discs which are 
graphs over domains of C2. Since E is a graph over Cz and contains points 
of Sb, it must contain exactly one of those discs, which has to be the one 
passing through pq, pq being a cluster point. Then pq E T,. □ 

Keeping the notation adopted in section [^?Tl we then have, with the same 
proof as 12.71 the following 

Corollary 2.21 Let Zq G bQ, and let {Uk}keN be a fundamental system of 
neighborhoods of zq in Cz- Then for any M > there exists Kq G N such 
that \u{z)\ > M for all z e ^In Uk with k > Kq- 
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The rest of the proof of Theorem 12.161 goes exactly as in the previous 
case. 

3 Foliations of D x C 

Let D G Che the unit disc. As seen in the section [H the methods of analytic 
multifunctions allow to prove a "Liouville result" for Levi flat manifolds 
contained in Z) x C by considering them "as a whole" . In such a case, since 
the leaves of the foliation are uniquely determined, we obtain immediately 
that the these leaves are complex lines. In what follows, we want to consider 
smooth foliations of D x C by complex curves. In this case the global object 
defines a constant multifunction, but this does not imply that the foliation is 
trivial. So, in order to show that - under natural topological restriction - this 
is the case, we need to study the foliation "leaf- by-leaf " as done in section [2l 

We observe that, even though The kind of foliations we treat is not per- 
haps the most general case in which a result of Liouville's type can be ob- 
tained, nevertheless the methods of multifunctions do not apply directly. 

Choose holomorphic coordinates {z, w) in such that D is the unit disc 
on C^: 

Definition 3.1 We say that a 2- dimensional real foliation of Dz x is 
regular if, for any leafU of the foliation, the following conditions are fulfilled: 

(i) for any open subset U d Cy^, every connected component of S (1 {Dz x U) 

is (up to a possible shrinking ofU)a compact 2-manifold with boundary 
which has positive distance from hDz x Cu,; 

(ii) there exists a ball B d such that every connected component of 

j:n{DzX {c^\B)) 

is finitely branched over Dz . 

Roughly speaking, condition (i) says that the foliation has to be defined only 
on the cylinder, in such a way that it is not possible to "extend it further" . 
Condition (ii) guarantees a nice behavior at infinity. A leaf is allowed to 
approach the boundary of the cylinder, but only along paths which are not 
contained in any compact set. 

We say that a 2-dimensional foliation on Dz x is trivial if all the leaves 
are of the form {z = c}. 

Theorem 3.2 Let J-" be a (real) 2-dimensional regular foliation on D x C 
Suppose that all the leaves of T are complex manifolds. Then T is trivial. 
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In order to prove the Theorem we concentrate on a single leaf and prove 
that it must be of the form {z = c}. So, let S be a leaf of J-'. We have the 
following 

Lemma 3.3 Let L ^ Cz be a complex line, and denote by it the orthogonal 
projection over L. Then tt\s is onto. 

Proof. We shall argue as in the proof of Lemma [l.5[ Since 7r|s is a holo- 
morphic function we have that vr(S) = is an open subset of L. Let p & bQ, 
and let B be any ball of L centered at p. Then, by the hypothesis L 7^ C^, 
defining 

u = TT-\Bnn)n{DxC) 

we have [/ (s and thus the connected components of S fl f/ have positive 
distance from bD x C. Let S' be one of these components; then 7r(S') = QCiB. 
Otherwise, we would have vr(S") = Q' where f2' C f2 fl -B is an open subset. 
Take q G bQ' \ b{Q fl B); then, arguing exactly as in the proof of Lemma 
IL5I (taking in account the fact that, since L 7^ C^, any complex line which 
is orthogonal to L and contains points of D x C touches bD x C), we have 
q G 7i"(S'). It follows that p G 7r(S'). Arguing again as in 11.51 we conclude 
that p G vr(S'), hence p G 7r(S). □ 

The previous Lemma suggests to consider E as an analytic multifunction 
defined over (or any complex line L 7^ C^). However, while E is actually 
an analytic multifunction, it may have non-empty interior: S may be even 
dense on D x C, in which case the fact that S is a constant multifunction 
gives no information. 

So, we proceed as follows. Let S be the universal covering of S. By 
Riemann's uniformization Theorem, S is either C or the unit disc D. In 
the first case the thesis would follow immediately, since the lift of to 
S would be a bounded holomorphic function on S = C, hence constant. 
Then, let us suppose S = D. Let f\, f2 '■ D —>■ C he defined in such a way 
that / = (/i,/2) : -D ^ is the covering map D ^ T,. Then /i,/2 are 
holomorphic functions, f\ is bounded (by 1) and, by Lemma [3. 3^ /2 is onto. 

We consider a complex parametrization of P(C^) \ Cw (i.e. the complex 
linear subsets different from C^;) given by Vrj = (rj,!), rj E C. We project 
E along each of the lines of this parametrization, i.e. we consider, for any 

(/(C), <> = ((/i(C), /2(C)) , (1, -^)) = /i(C) - r//2(C). 

Denote by F the function x C,, — > C defined by the previous expression, 
i.e. F((^,?7) = /i(C) — vf^iO- Then F is a holomorphic function, whose 
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zero locus is a 1-dimensional analytic subset Z of x C^. is an analytic 
multifunction. Since 

the property that 2^ is a constant multifunction would imply that Z is con- 
stant, i.e. union of complex lines (which is not true for E). Unfortunately, 
it can occur that Z contains hD(^ x C^. In such a case we would have 

Z = ^ (that is, 2 is a constant multifunction as expected), but 
we could not conclude anything about Z. The difficulty behind this obsta- 
cle is that, in this case, it is not sufficient to "test" the behavior of Z by 
plurisubharmonic functions defined in a neighborhood of x C^, since they 
can "detect what happens" only in their maximum sets, i.e., in our case, 
hD(^ X C,,. Then, we need to analyze Z in more detail. 
Let ^ C be the subset 

^ = {CeL':/i(C) = /2(C) = 0}; 

then ^ is a discrete subset of D(^. Observe that Z can be expressed as 

Z = {(C, ry) e X C : C e ^} U {(C, r^) e X C : = /i(C)//2(C)} 

i.e. Z is the union of a discrete family of complex lines and the graph of a 
meromorphic function over D(^. Denote by Z' this graph. Clearly Z' is a 
1-dimensional complex submanifold of 

DcxC,\{(C,r;):/2(C) = 0}, 

and possibly extends as a submanifold of a bigger domain (it extends through 
the complex lines {C = c} for which c E A and the order of zero of fi at c 
is bigger than or equal to the one of /2). We then take as Z' the maximal 
possible extension on a subdomain of x C^. 

Lemma 3.4 Up to a change of coordinates on = CzXC^j, for the resulting 
F and Z' the following is true: 

. |F(C,0) = |/i(C)^0; 

• there exists a small ball C C^, centered at 0, such that every con- 
nected component of Z' fl (D^ x 3^) intersects rj = 0; 

• every one of such connected components is a compact manifold with 
boundary, which is a finite branched covering of B^. 
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Proof. We perform a coordinate change on Dz such that the hne {z = 0} 
intersects S transversally at some point (this coordinate change exists, since 
otherwise we would have that = {z = c} for some c G Dz); in this way 
the first condition is assured. Then, we choose e small enough in such a way 
that, for any G -B^, we have that 

Lr, n (bDz X C^) cC^\{Bx Dz), 

where L.^ is the complex line of Cz x parametrized by t] and B is the 
one in Definition 13. 1[ The choice of e implies that the last two assertions are 
satisfied. In fact. Definition 13. II implies that, for each connected component 
W of Z' n {D(^ X Be), the fibres of the projection tt : W ^ B^ are finite. 
Moreover, from our construction it follows that 7r(>V) includes B^ \ {0} (this 
is a consequence of the following two facts: the intersection of S with 
is stable, and fl {Dz x C^) is compact for r/ 7^ 0). Since W is a finitely 
ramified covering of -B^ \ {0}, it extends to D(^ x 5^. Indeed, to see this 
it is sufficient to observe that the symmetric functions on the ^-coordinates 
of the fibres of tt : W ^ B^ \ {0} are bounded, holomorphic function on 
B^ \ {0}, thus they extend to B^. Since Z' is closed, W G Z' and therefore 
the connected components of Z' fl (D^ x B^) satisfy the last two conditions 
of the Lemma. □ 

Now we define 

G(C, v) = F{C, V) - F{0, v) = MO - r/(/2(C) - /2(0)) 

and denote again by Z' the graph part of the zero locus of G. Observe that 
the arguments of Lemma [3.41 work for G as well, and that G satisfies 

. G{0,v)=0 

• -^G{C, rj) ^ for rj in a neighborhood of 0; 

• for ?7 7^ 0, G{-, T]) : D ^ C is onto; 

• for = 0, G{-, 0) = /i is bounded (by 1). 

We will show that these properties combined with the conclusions of Lemma 
13.41 give a contradiction. 

In order to do this, we need two intermediate Lemmas on the holomorphic 
functions on D which are consequences of the classical Schwarz Lemma. 
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3.1 Lemmas on holomorphic functions on D 

Let / G 0{D), / ^ 0. Then the zero locus of / is a countable, discrete subset 
oiD. We set 

/"^(O) = (ao,ai, . . . ,a„, . . .) 

where 

• f{ai) = for all i e N; 

• all the zeroes are hsted except if /(O) = 0; 

• the Oj's are listed by non-decreasing modulus; 

• if A; is the multiplicity of Oj, then Oj is listed k times. 
Obviously, the infinite product 

oo 
i=l 

converges to some non-negative real number. We denote it by Hof. Our aim 
is to study the behavior of Ugf in some cases, first of all, when /:£)—> C 
is onto. 

We say that / is semi-proper if, for any compact subset K <Z C, every 
connected component of f^^{K) is a compact subset of D. Every proper 
map is semi-proper; however, in our setting the first property is not relevant, 
since there is no proper holomorphic map from D onto C. 

Lemma 3.5 Let f : D ^ C be a holomorphic, surjective semi-proper map. 
Suppose that /(O) = and /'(O) 0. Then Hq/ = 0. 

Proof. Choose a ball B = B{0,R) C C, centered at and with radius 
i? >> 0. Let C be the connected component of f~^{B) containing e D; 
by hypothesis C is a compact subset of D. It is easily seen that f : C ^ B 
is a finite ramified covering of B, thus for any z G -B wc may consider the 
finite set f~^{z) nC = {wi{z), . . . , Ws{z)}. Define g : B ^ D as 

g{z) = ^1(2;) • . . . • Ws{z). 

Then (7 is a well defined holomorphic function on B; moreover, by hypothesis 
g{Q) = 0. In view of Schwarz's Lemma, 

\g'm<l/R. (2) 
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Now observe that, by hypothesis, / is a local homeomorphism near E D. 
Therefore, in a small neighborhood [/ of in C, can be written as g = gi-g2, 
where gi is a local inverse of / such that gi{0) = 0. Taking the first derivative, 
we have 

^?'(0) = ^71(0)^72(0) + ^7i(0)^7^(0) = g[{0) : w e r\0) ^ C \ {0}}. 

Let k = \g[{0)\; by hypothesis k ^ and, moreover, it clearly does not 
depend on the choice of R. By ([2]) we obtain 



|n{^:^er^(0)nc\{0}} 



1 

< — . 

- kR 



For i? — > oo we find that the product of the modulus of a (possibly proper) 
subset of /^^(O) \ {0} is vanishing; hence, a fortiori, Uof = 0. □ 

The following result is in some sense the counterpart of Lemma 13.51 It 
shows that if / is bounded and /'(O) 7^ then Uof 7^ 0. Indeed, 

Lemma 3.6 Let f G 0{D) be a bounded holomorphic function on the unit 
disc. Suppose that /(O) = and Uof = 0. Then /'(O) = 0. 

Proof. Choose M > such that |/(-2)| < M for all z e D. We first prove 
the Lemma in the case that / G 0{D) n C^iD). For any a, e /"^(O) \ {0}, 
we choose a holomorphic automorphism 0^. of the disc, of the form 

ajZ + I3i 

4>ar = = —,(yi,Pi e L, 

PiZ - ai 

in such a way that 4>ai{o,i) = 0. Observe that the following properties hold: 

• the vanishing order of (pai at is 1; 

• \(f)aXz)\ = 1 for 2; e bD; 

• l0a.(O)| = |a,|. 

Choose e > and take N big enough such that 

|ai| ■ \a2\ ■ . . . ■ |aAr| < e. 
Define a holomorphic function g in the following way: 
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g is well defined and holomorphic in D because vanishes only at (of 
order 1). Moreover, 



\Mz) \ ■ IMZ)] ■ ■■■■ \(i)ai,{z)\ 

thus \g\ < M on the whole disc D. Since 5^(0) = 0, by Schwarz's Lemma we 
obtain that |5''(0)| < M. Then, taking the first derivative of / and defining 

we have 



1/(0)1 = |^'(0)<l>^(0) + gm'AO)\ = \g'm ■ |0a,(O) ■ 0^,(0) ■ . . . ■ 0,^(0)1 = 

= |(7'(0)|-(|ai|-|a2|-...-|a^|)<M£. 

Then, letting e —>■ we obtain the thesis when / is continuous up to the 
boundary. The general case is obtained by applying the same proof to /^(-z) = 
/((I - S)z) and letting 5^0. □ 



Remark 3.1 The proof of the previous Lemma is analogous to the one of 
the classical Schwarz lemma: indeed, the method is to get rid of the zeroes 
of / by dividing by a suitable holomorphic function and then apply the 
maximum principle. However, the choice of $ needs (a bit of) care, since, for 
example, dividing by l/{z — a^) does not allow to obtain the right estimate. 



3.2 Proof of Theorem [372] 

Keeping the notations introduced in the previous sections, let 



n(r/) = noG(-,r/). 

As already observed, by Lemma 13.31 G{-,ri) : D C is onto for r] ^ 0; 
moreover, condition (i) in definition 13.11 implies that G{-,t]) is semi-proper. 
Hence Lemma [3.51 applies to G{-,ri), showing that 



U{r]) = Vr] ^ 0. 



If we prove that H(0) = 0, then we are in position to apply Lemma [3.61 and 
obtain that f[{0) = (where /i is the first component of the covering map 
D —y T, introduced earlier), which is a contradiction. So, our purpose is to 
show that H(0) = 0, and for this that Il{r]) is continuous at e C^. 
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Observe that by Lemma 13.41 we have that Z' n (Dc_ x is made up, 
for small e, of countable many connected components, each of them being a 
finite ramified covering of B^. For each one of those connected components 

we define gi E 0{Bs) as 

9^iv)= n 

clearly 

oo 
i=l 

for ?7 G -Bg. The thesis is then a consequence of the following Lemma: 

Lemma 3.7 Let G (^(-Be) be defined as before. Then the product of the 
gi 's is continuous in rj = 0. 

Proof. Denote by Gk the product of the first k functions, 

Gkiv) = 9i{v) ■ 92{v) ■ ■■■■ 9k{v)- 

Since \gi\ < 1 on B^, the sequence of functions \Gk\ is monotone decreasing. 
Moreover, the sequence Gk is uniformly bounded, hence by Montel's Theo- 
rem there is a subsequence Gk^ which converges uniformly to a continuous 
(holomorphic) function G. Since we already know that n(?7) =0 for rj 0, 
it follows that G = on B^. Therefore, since \Gk\ is a decreasing sequence 
which admits a subsequence convergent to zero, we conclude that \Gk\ 
(uniformly in rj), i.e. 

oo 

n(o) = ni^?^(o)l = o. 

□ 

Remark 3.2 Part (ii) of Definition [3lT] is used only in Lemma [3^ to assure 
that in a neighborhood of {t] = 0} the connected components of the zero locus 
Z' are well-behaved, i.e. they are a finite branched covering of a neighborhood 
of in C,,. This allows us to prove Lemma 13.71 We conjecture that (ii) is 
superfluous and the triviality result is still valid only under assumption (i) 
of Definition 13.11 however, our method does not work in this generality. This 
is due to the fact that, in general, a connected Riemann surface which is a 
branched covering of a neighborhood of in \ {0} may be not extendable 
through {rj = 0}, even if (^-coordinate of its points is bounded (see Example 
13.11 below). In such the proof of Lemma 13.71 does not work. 
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Example 3.1 Consider, in C"^ \{z = 0}, the set defined S by 



-1 I 1 

Here, we mean the following: for each 2; 7^ and each j e N, we order 
arbitrarily the two roots r{, ~ ^1 3- ^^"^ function c : N — > {0, 1}, 

we set 

00 _^ 

this sum converges because Wc{^j)\ is bounded. Then S is the collection of the 
points (w(c), z) for all z G C\ {0} and for all c : N ^ {0, 1}. This set is not a 
Riemann surface, since the fiber over 2 e C \ {0} is not countable. However, 
any connected component S' of yS" is a Riemann surface, with branching points 
z — j e N, bounded in a neighborhood of {z — 0}. Clearly S' does not 
extend to through {rf — Qi}. 
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